We consider steady-state current activity statistics for the one-dimensional totally asymmetric simple exclusion process (TASEP). With the help of the known operator algebra (for general open boundary conditions), as well as general probabilistic concepts (for the periodic case), we derive and evaluate closed-form expressions for the lowest three moments of the probability distribution function. These are confirmed, to excellent degree of accuracy, by numerical simulations. Further exact expressions and asymptotic approximations are provided for probability distributions and generating functions.
I. INTRODUCTION
The one-dimensional totally asymmetric simple exclusion process (TASEP) is a biased diffusion process for particles with hard-core repulsion [1] [2] [3] [4] [5] . This model exhibits many non-trivial properties, and is considered a paradigm in the field of non-equilibrium phenomena. While a large number of exact results are known for the steady-state, ensemble-averaged, values of relevant quantities, such as the systemwide current and global density, the study of the corresponding fluctuations has proved to be rather more intricate. To quote only a few relevant developments, exact expressions for the diffusion constant were found for systems with periodic (PBC) [6] and open [7] boundary conditions (BC); the full probability distribution function (PDF) of current fluctuations was similarly considered for both PBC [8] and open [9] BC. Very recently, a number of new results have been found for current fluctuations in systems with open BC [10] [11] [12] [13] .
In this paper we investigate steady-state current activity fluctuations in the one-dimensional TASEP for both periodic and open boundary conditions. It is important to recall at the outset that the current activity is not identical to the standard current (although the first moments of the respective distributions coincide). As explained in detail below, the former quantity is static, in this sense akin to the instantaneous (local or global) particle density, while the latter is a dynamic one. Our results extend and complement earlier analytic work on the joint current-density distribution for the TASEP [14, 15] .
For the problem of flow with exclusion, the time evolution of the 1 + 1 dimensional TASEP is the fundamental discrete model. The particle number n ℓ at lattice site ℓ can be 0 or 1, and the forward hopping of particles is only to an empty adjacent site. The current across the bond from ℓ to ℓ + 1 depends also on the stochastic attempt rate, p ℓ , associated with it and is thus given by J ℓ,ℓ+1 = p ℓ n ℓ (1 − n ℓ+1 ) . For the homogeneous case of p ℓ = p which is considered here, one can effectively make p = 1 in numerical simulations, provided that the inherent stochasticity of the process is kept, via, for example, random selection of site occupation update [16] . This amounts to a trivial renormalization of the time scale, and is the procedure followed in all numerical work reported in this paper.
For PBC the main parameter is the fixed density, which is uniform in the steady state. With open boundary conditions, one has the following externally-imposed parameters: the injection (attempt) rate α at the left end, and the ejection rate β at the right one. The phase diagram in α-β parameter space is known exactly, as well as many other steady state properties [1-5, 14, 15, 17, 18] .
In the open-boundary case both current and global (position-averaged) particle density are fluctuating quantities (as opposed to the case with PBC for which the density is fixed). On the other hand, while continuity dictates that the average stationary current on every bond must be the same, steady-state density profiles may be non-uniform [3] .
For PBC the total (instantaneous) activity A within the system is defined as the number of bonds that can facilitate a transition of a particle in the immediate future. Thus it equals the number of pairs of neighboring sites that have a particle to the left and a hole to the right [14, 15] . For systems with open BC, an alternative definition includes also the injection and ejection bonds at the system's ends, though these have to be weighted by the respective injection and ejection rates, α and β. In the following, for open BC we always include the contributions given by the latter bonds, unless explicitly stated otherwise.
Thus for an L-site system with PBC, one has:
(with n L+1 ≡ n 1 ), while for the open BC case (L sites and L + 1 bonds, including the injection and ejection ones), one has:
n ℓ (1 − n ℓ+1 ) + β n L (Open BC) .
(2) The activity is, therefore, a snapshot of the system at a given moment in its evolution; in this sense, it is as much of a static quantity as, for example, the instantaneous global density. By contrast, the current is a dynamic object, as it reflects the stochastically-determined particle displacements which actually take place during a unit time interval.
The detailed balance measure used here for the PBC case, and the operator algebra used for open BC, apply to the steady state [5, 6, 14, 15] , thus they naturally yield the activity; although they can be extended to deal with static measures of dynamic quantities such as the diffusion constant [6, 7] and more general aspects [4, 19] , we do not attempt similar developments here.
The qualitative distinction between activity and current has the consequence, upon the (properly normalized) moments of the PDFs of the two quantities, that while their first moments (averages) coincide, higher cumulants differ. For A as defined in Eqs. (1), (2) one has, respectively:
where J is the average steady-state current through any bond in the system. Equality of averages can be understood by recalling that successive steady-state snapshots (activity configurations) are generated via the intervening particle hoppings, which constitute realizations of the system's current. In our simulations we have verified that this property holds, to within numerical accuracy, in all cases investigated here. However, the connection at this level is not sufficient to warrant equality of higher moments of the PDFs.
Here we consider the fluctuations of the global, instantaneous activity [14, 15] , as opposed to the local, integrated current which is the subject of many extant works [7] [8] [9] [10] [11] [12] [13] .
Section II below gives the theoretical approach used in this work. It first addresses open boundary cases with α+β = 1 and then general α, β, and then treats PBC. In Section III the results of numerical simulations are given, first for open BC and then for PBC. In Sec. IV we provide a global discussion of the second and third cumulants of the activity PDFs, everywhere on the α − β plane (for open BC); finally, concluding remarks are made. For open boundary conditions, steady state configurations are typically highly correlated. So when (as in the pioneering work of Ref.
3) such configurations are written as strings of variables D and E (D, E representing particle, vacancy respectively) these variables have to be operators, with an algebra (D+E = DE) consistent with the steady-state properties. In the special case α + β = 1 the correlations disappear [3] (configuration probabilities factorize, corresponding to a product measure) and D, E can be taken as c-numbers d, e respectively equal to the steady state averages n ℓ , 1 − n ℓ . Consequently, along the α + β = 1 line these averages are independent of ℓ [3] ; consistency with probability normalization (d + e = 1) and current conservation (eα = de = dβ) thus implies e = β, d = α.
The factorization of probabilities for variables on different sites makes this case the easiest to begin with. However, different bonds share a site variable if they are adjacent, and that makes the calculation of activity statistics beyond the first moment non trivial even in this case.
The average activity A is unaffected by the shared variable on adjacent bonds, since it is the average of a sum of terms each of which contains independent site variables and so has a factorizing average. So in this case, from Eq. (2) one has:
Already in the second moment, A 2 , the effect of correlations are present, making it different from A 2 . To obtain any moment, and also the probability distribution, we consider the generating function
Logarithmic derivatives of e λ A give the cumulants C n of A. The probabilities P (A i ) of the discrete possible outcomes A i for A are the coefficients in the terms proportional to e λ Ai in the expansion of the generating function.
The average in Eq. (6) does not factorize because of the correlation of adjacent bond variables. The following method, involving a transfer matrix along the chain, easily handles that.
Defining ζ ℓ ≡ 1 − n ℓ , since each ζ ℓ takes values (0, 1) with respective probabilities (α, β), the average in Eq. (6) can be obtained by summing over the possible configurations of each variable in turn, starting, say, with ℓ = 1 and working along the chain to ℓ = L. Using sums over the ζ ℓ variables, with their weights p(ζ ℓ ) (= α or β), the first step involves Σ ζ1=0,1 p(ζ 1 ) e λα ζ1 e λ (1−ζ1) ζ2 = α e λ ζ2 + β e λα . This result can be written in the linear form (b 2 + c 2 ζ 2 ) where b 2 = α+ βe λα and c 2 = α (e λ − 1). The sums over the next variables then produce similar forms, where the relationship between successive ones is provided by
This is the same as the action of the transfer matrix
on the vector b ℓ c ℓ , where γ = e λ − 1.
The consequence is
where, from
. This is readily evaluated using the representation in which T is diagonal, with the result:
where
are the two eigenvalues of T , and the coefficients a + , a − are also known functions of α, β, γ (given in Appendix A). This result provides the nth cumulant C n of A via
From Eqs. (10) and (11), for large L one has:
Consequently the asymptotic large-L values of the first few cumulants are:
Thus the skewness [20] 
for large L.
The special case α = β = 1/2 is simple and instructive. There the above leading large-L results for C 3 and skewness reduce to zero, which turns out to be exactly true for any L: for α = β = 1/2 the coefficient a − vanishes and the full result from Eqs. (10) and (11) (exact for any L) is:
From this it is easy to verify that C 3 = S ≡ 0, and that
The corresponding general L exact results obtained from Eqs. (10) and (11) for any α, β with α + β = 1 are given in Appendix A, together with validity conditions for the large-L results in Eqs. (14)- (16) .
For α = β = 1/2 the generating function result, Eq. (17) can be expanded in the form
corresponding to a binomial distribution of probabilities
For general α, β (still with α + β = 1) the possible outcomes for A will obviously be linear combinations of α, β, and integers. Their distribution, resulting from Eqs. (10) and (11), has (for α = β, where a − is nonvanishing) a "discreteness alternation". This is a direct consequence of Eqs. (10) and (11), as can be seen from the following alternative form:
We conclude this part on activity statistics for α + β = 1 by briefly commenting on local fluctuations. The product measure makes these trivial for this case. So the injection current activity (from αζ 1 ) is α or 0, with probabilities β, α respectively. The local activity for the ejection current [ β (1 − ζ L ) ] and for the internal current [ (1 − ζ ℓ ) ζ ℓ+1 = A ℓ,ℓ+1 ] across any specified bond similarly have binary distributions, with (outcomes)(respective probabilities) being (β, 0) (α, β) and (1, 0) (αβ, 1 − αβ), respectively. So for example A ℓ,ℓ+1 = αβ, A ℓ,ℓ+1 2 = A ℓ,ℓ+1 3 = αβ 3 , independent of ℓ, and the consequent skewness is (β−α)(αβ) −1/2 .
B. Open boundary conditions with general α, β
Moments of the current activity
For general α, β one must make full use of the steady state operator algebra [3] to take care of the absence of product measure. In this subsection we derive expressions for low moments of the activity.
We exploit the representation of configurations, and their probabilities, using strings of operators D and E, representing respectively particle or vacancy at a site. Configurations are specified using the variables ζ ℓ introduced in Section II A. The probability of the configuration {ζ ℓ } for L sites is given, through the associated operator string
(20) Here, C ≡ D + E represents both possibilities (occupied or vacant) at a given site; and the vectors W | and |V are such that
Eqs. (21) follow from the balance between the current Λ ≡ DE across any internal bond and the injection or ejection current (at the left or right boundary), using the operator algebra steady-state relation Λ = C . Using Eq. (2), the nth moment of the total activity is given by
Consider, for example, the simple case n = 1. There the contribution from (1 − ζ ℓ )ζ ℓ+1 is non-zero only for 1 − ζ ℓ = 1, ζ ℓ+1 = 1 whose associated probability is (using
Correspondingly, using Eq. (21) the non-zero contributions α from αζ 1 and β from β(1 − ζ L ) occur with re-
This is the standard result generalizing Eq. (14) for α + β = 1, where Z L = (αβ) −L . As in Section II A, complications arise in higher moments from the shared variable in adjacent bonds. For α + β = 1 the transfer-matrix approach overcame these. That method is ruled out by the non-commuting variables in the present general case. Instead the following direct method can be used for low n.
For n = 2, Eq. (22) includes the product of bond terms
For m − ℓ = 0, 1 in the double sum the sites involved are distinct, which simplifies the averages occurring. For example, for m > ℓ + 1 the average is
This result applies for any ℓ, m satisfying m > ℓ + 1, or
terms of the double sum). For each of the L−1 terms with ℓ = m the product of bond variables is
For the 2(L − 2) terms with ℓ = m ± 1 the product of variables includes both a 1 − ζ and a ζ for the shared site, whose product is zero. Hence, for the part
of the activity coming from just the internal bonds,
Including also the injection and ejection contributions gives
The case n = 3 is in principle a straightforward generalization of the above. However, the A ′ 3 part of it is considerably more complicated. Details of the evaluation are given in Appendix B.
The collected results for the first three moments of both A and A ′ are:
The functions Z L are available from Ref. 3, or by using the generating function method of Refs. 14 and 15. The general expression is:
Eq. (32) reduces to simple closed form expressions in the cases:
From Eqs. (29)- (31) and (34), one can show that, for α = β = 1 and large L, the skewness S (of the distribution for A) varies as
In Section III B below we describe numerical simulations performed for the cases covered by Eqs. (33) and (34). We return to the general α, β case, using Eq. (32), in Section IV.
The activity distribution -I
This section is concerned with the internal bond activity distribution, for general α, β. We again use the internal bond current activity operator Λ = DE, and C = D + E, which represents both possible single-site configurations.
For n successive sites, C n represents all possible configurations; we generalize this by representing by (C n ) the subset which contains no Λ's. Hereafter in this subsection the round bracket pair ( ), when enclosing a string of C's, or a linear combination of such strings, will represent the formal property of picking out the subset containing no Λ's. Then, by defi-
contains many configurations, all having n active internal bonds (total internal activity A ′ = n), from the n Λ's in a run of L = 2n + n m=0 r m sites. Then,
′ , contains all configurations with internal activity A ′ in an L-site system. So, in such a system the probability of internal current activity A ′ is
From their definitions it follows that (C n ) and S n,A ′ are related by
where [ X ] denotes the integer part of X . The steady state algebra relation Λ = C then makes (C n ) a function of C only, so no lack-of-commutation difficulties arise and one finds that S L,A ′ is the coefficient of γ
n S n eventually gives the following reduction of the formal operation defined by ( ):
The required coefficient can be found by the expansion of the function of C in powers of (γ − γ 2 ), and then using the binomial expansion of each power of (1−γ) occurring. Taking the matrix element W | · · · |V of the resulting C-dependent coefficient and using the definition of Z N then provides the following exact result for the internal activity distribution:
(42) An alternative expansion strategy from Eq. (41) onward is available for the special case α + β = 1. Because the operators reduce to c-numbers in this case, C in that Equation becomes (αβ)
(the same as the eigenvalues µ ± (λ) of the transfer matrix of Section II A, at λ = 0).
In particular, γ
For large L, where boundary current contributions to A are less by a factor O(1/L) from the total internal bond current contributions which comprise A ′ , Eq. (43) becomes the same as the result from Eq. (18) .
Though the method just presented applies for any α, β, it is not suitable for inclusion of boundary current contributions. We briefly proceed next to a more sophisticated approach to the current activity distribution which is in no such way limited, and is related to previous work [14, 15] on the joint distribution for number and current activity.
The activity distribution -II; Generating functions
The method of Refs. 14 and 15 represented any microscopic configuration of N particles with internal activity A ′ in the L-site open boundary TASEP as a sequence of A ′ objects of form D pj E hj , p j , h j ≥ 1, with h 0 ≥ 0 E's to the left and p 0 ≥ 0 D's to the right because of the possible injection and ejection. The operator string representation for the set of all such configurations is obtained by summing over all {h j , p j } as specified above, subject to the additional constraints coming from specified L, N , and A ′ :
h 0 > 0 (or p 0 > 0) corresponds to unit injection (or ejection) current activity, accounting for any difference between A ′ and A. The steady state measure is then obtained from the W | · · · |V matrix element of the operator string. This was reduced in Refs. 14 and 15 using a generalized version of the original operator algebra of Ref. 3 .
We are now interested in just the activity distribution, for specific L, so the constraint on N drops out and the remaining constraints can be enforced using an integral representation of a δ-function. The resulting expression for the total activity probability function P L (A) can then be reduced using the modified operator algebra of Refs. 14 and 15. The result is that
where, in the numerator,
Equivalently, the double-integral representation of Refs. 14 and 15 for the joint distribution P L (A, N ) can be summed over N to provide the above form.
As well as giving rise to the "renormalized" Z
, the modified algebra also gives a generating functional for Z αβ L ; that can be exploited following Ref. 15 
As expected, for α + β = 1 the square bracket simplifies, and in the special case α + β = 1 2 it becomes a product of two factors linear in z. From this it is easy to recover Eq. (17) in Section II A.
The form obtained from Eq. (45) for the distribution function is not easy to simplify, except in the asymptotic large L limit. There, saddle point integrals analogous to those in Refs. 14 and 15 give the activity distribution around its peak, apart from A-independent factors or others subdominant at large L.
The asymptotic results for all phases can alternatively be obtained by integrating out the density from the asymptotic joint distribution results obtained in Refs. 14 and 15. So, the activity distribution can be written for large L in the form
where for the low current phase with α < β
and for the maximal current phase g(ρ, j) is of similar form but without the last two terms in Eq. (48).
The leading large-L approximation to Eq. (47), provided by the Laplace method (i. e., exp[−L g(ρ, j) ] where ρ(j) in [0, 1] minimizes g) gives, for example, a maximal current phase PDF independent of α and β, and the same as the Laplace result for the low current phase PDF at α = β = Though of theoretical interest, the results for probability distributions obtained by the methods of the last two sections are of less value for detailed comparisons with numerical simulation results than the exact tractable expressions provided, for any L, in Section II B 1 for low moments of the activity. See also Section IV.
C. Periodic boundary conditions
For PBC, the general ideas concerning operator strings, recalled in section II B 1, are again applicable. A number of simplifying features occur, besides having a fixed number of particles in the system. From the very simple form of detailed balance equations applying in this case [6] , for a given number M of particles all steady-state configurations C are equiprobable:
We introduce the quantity
for n = 0, 1, 2, which will prove convenient in what follows.
With the notation established in Section II A, the average of the two-site function (1 − ζ ℓ ) ζ ℓ+1 is independent of ℓ, and proportional to the number of combinations in which site ℓ is occupied, site ℓ + 1 is vacant, and the remaining M − 1 particles are distributed among the remaining L − 2 sites. So,
For A 2 , similarly to the discussion in Section II B 1, one needs averages of four-operator products, namely
and Eq. (51) ];
(ii) m = ℓ ± 1 [ 2L terms, from the ring geometry ] :
contributions come from having sites ℓ, m occupied, ℓ + 1, m + 1 vacant, and
Adding up (i)-(iii):
Details of the evaluation of A 3 are given in Appendix C. The result is:
Introducing the variables ρ ≡ M/L; µ ≡ ρ(1 − ρ); Λ ≡ µL 2 ; and L ≡ L − 1, Eqs. (51)-(53) give the cumulants of the PDF in a form which evinces the expected particlehole duality (invariance under ρ ↔ 1 − ρ):
For large L, the skewness S is given, to leading order in L −1 , by
provided that µ = 1/4, i.e. ρ = 1/2. In the latter case, consideration of higher-order terms shows that
III. NUMERICAL RESULTS
A. Introduction
We considered lattices with L = 2 m sites. We found that the size range corresponding to 5 ≤ m ≤ 8 is generally suitable to highlight L-dependent effects which vanish for L → ∞, and for which we can provide accurate numerical checks of the theory developed in Sections II A, II B 1, and II C. On the other hand, such sizes are large enough to prevent lattice discreteness from playing a significant role [ except for the "discreteness alternation" effect referred to above, in connection with Eq. (19) , which for systems with open BC is a general feature unless α = β = A time step is defined as a set of L sequential update attempts, each of these according to the following rules: (1) select a site at random; (2a) if the chosen site is the rightmost one and is occupied, then (3a) eject the particle from it with probability β; alternatively, (2b) if the site is the leftmost one and is empty, then (3b) inject a particle onto it with probability α; finally, if neither (2a) nor (2b) is true, (2c) if the site is occupied and its neighbor to the right is empty, then (3c) move the particle.
Thus, in the course of one time step, some sites may be selected more than once for examination, and some may not be examined at all.
For the various sets of α, β (for open BC) or values of ρ (for PBC) considered here [ because of particle-hole duality, we take only α ≤ β for the former case, and density ρ ≤ 1/2 for the latter ], we ascertained that, starting from an initial random configuration of occupied sites (usually with overall density ρ = 1/2), n in = 4, 000 time steps was long enough for steady-state flow to be fully established, for all system sizes L ≤ 256. This also applies to the special case of systems with PBC, L ≤ 2048 and very low densities, examined in Section III C.
We collected steady-state current activity data (typically N sam = 10 5 -10 7 independent samples) to produce the respective PDFs. Accurate evaluation of their moments of n-th order, 1 ≤ n ≤ 3, involves running N set independent sets of N sam samples each; from the spread among the averaged moments for the distinct sets, one then estimates the root-mean-square (RMS) deviation of each relevant quantity. As is well known [21] , such RMS deviations are essentially independent of N set as long as N set is not too small, and vary as N −1/2 sam . We generally took N set = 10.
Our results for the activity PDF are given in terms of the reduced variable 
B. Open boundary conditions
Initially we consider the α + β = 1 line. For the special point α = β = 1/2, the considerations of Sec. II A [ see also Eq. (43) in Sec.II B 2 ] indicate that the PDF is a binomial function. Fig. 1 shows the corresponding numerical simulation data for a system with L = 256 sites, together with the appropriate binomial distribution (which, for this value of L, is indistinguishable from a Gaussian function of a continuous variable). The fit between the two sets is indeed excellent.
On the α + β = 1 line, the discreteness alternation effect associated with Eq. (19) is illustrated for α = 1/4, β = 3/4 in Fig. 2 . To avoid smoothing out of the effect, binning of the variable x = (A − A )/(L + 1) must be carefully chosen; for the simulations reported in Fig. 2 we used bins of width [2(L + 1)] −1 . In order to give higher resolution to the central part of the distribution, where the sawtooth pattern is quantitatively more significant, a linear scale has been used on the vertical axis of the Figure . The Gaussian fit shown in Fig. 2 takes into account the full set of data, thus averaging over the oscillations. Remarkably, it produces a rather accurate fitted value, ∆ = 0.0178(3) for the corresponding width of the distribution (see Table I below for comparison).
Still on the α + β = 1 line, for small α and large β (or, by particle-hole duality, for large α and small β), Eqs. (15) and (16) show that for large L the skewness S is positive and large, proportional to (αβ) −1/2 . The average activity being A = (L + 1)αβ, the minimum Away from the α + β = 1 line, we report data for α = β = 1, where the averaged moments are given by relatively simple expressions [ see Eq. (34) ]. The activity PDF is shown in Figure 4 , together with the result of a Gaussian fit to the data. Visual inspection indicates that the fit is of a similar quality to that for the α = β = 1/2 data, displayed in Fig. 1 . Indeed, according to Eqs. (29)-(31), (34), and (35), although a non-vanishing skewness must be present in this case, it is quantitatively rather small for large L [ see also Table I ] .
Results from numerical evaluation of the first three moments of the activity PDF, for the values of α, β discussed above, are given in Table I , together with the theoretical predictions summarized in Eqs. (29)-(34). The agreement is very good, except that accuracy for the skewness is comparatively low. This is especially true for α = β = 1, in which case much narrower error bars would be needed in order to verify the rather small predicted values.
In order to clarify the latter point, we made long runs with N sam = 10 7 for L = 16 with α = β = 1, evaluating both A n and A ′ n of Eqs. (29)- (31), with the results displayed in Table II . One can see that the numerical results clearly confirm the theoretical prediction for the skewness, within error bars. 
C. Periodic boundary conditions
For systems with PBC, the ρ ↔ 1 − ρ duality exhibited in Eqs. (54)- (56) ensures that all relevant aspects can be investigated by considering only, e. g., ρ ≤ 1/2. We evaluated the first three moments of the activity PDF for densities ρ = 1/2 and 1/4, and varying system sizes L. Results are given in Table III, We then made long runs with N sam = 10 7 for L = 16 for both ρ = 1/2 and 1/4, with the results displayed in Table IV . In this case the numerical results clearly confirm the theoretical prediction for the skewness: very accurately for ρ = 1/4, and within reasonable error bars for ρ = 1/2.
As a consequence of Eq. (57), for ρ = 1/2 the skewness of the PDFs for PBC tends to grow, in absolute value, as |ρ − 1/2| increases. For system sizes L large enough, so that the set of (discrete) allowed activity values can be reasonably well represented as a continuum, one can approximate the respective PDF by a Gaussian with a skew-inducing perturbation:
is a Gaussian curve centered at x = x 0 , with width σ; a, x 0 , and σ are adjustable parameters, with the proviso |a| ≪ 1. In Fig. 5 we show the results of fitting data for L = 256, ρ = 1/4 to Eq. (59). The adjusted estimate of a = −0.0120(25) corresponds to S = −0.072 (15) , which compares favorably with the values given in Table III , albeit with a somewhat large uncertainty. The adjusted width σ = 0.01171(3) is in very good agreement with the ∆ values (both from theory and from numerics) given in the same Table. For a graphic illustration of large skewness with PBC (similar to the effect shown in Fig. 3 for open BC with α ≪ 1, β ≈ 1), one needs |ρ − 1/2| large, as well as large L. In the low-density regime, the maximum allowed activity is A max = M , M being the number of particles in the system. One has, from Eq. (51),
. This is illustrated in We considered the system with ρ = 1/16, L = 2048 in further detail. Fig. 7 shows the results of numerical simulations, as well as their best fit to Eq. (59). The adjusted value of a = −0.043(9) corresponds to S = −0.27(6), in broad agreement with the theoretical prediction. However, it can be seen that the perturbative scheme of Eq. (59) cannot properly account for the long tail at negative x. Although we have checked that the tail still varies as
, it is not possible to find a single set of parameters in Eq. (59) which optimizes the fit to the latter region, without seriously compromising the description of data away from the tail.
In Ref. 22 , an approach similar to the one described above was used to calculate current activity PDFs for one-dimensional flow of extended objects with exclusion, on a ring. Those were compared to results of numerical simulations of the same quantity, with very good agreement (see their Figure 1 ). Note that their system of extended objects corresponds to an effective lattice of L = 35 sites with M = 15 point particles. For this case Eqs. (51)- (53) give, e.g., S = −0.015 . . . . So this is a regime where deviations from Gaussianity are rather small for activity distributions, which is visually confirmed by the aspect of their figure referred to above.
IV. DISCUSSION AND CONCLUSIONS
The investigation of current fluctuations is usually carried out by examining the total charge crossing a given bond, during a long time interval in the steady state regime [7] [8] [9] [10] [11] [12] [13] . Conversely, the snapshot nature of current activity means that samples are collected at a fixed time; in this case, the non-trivial features arise when one considers the corresponding global quantity, i.e., the sum of contributions from all bonds in the system, at a given instant. When focusing on fluctuations of either quantity, the task for currents is made more involved by the need to subtract a background term which grows linearly in time, and (depending on the specifics of the case), additional sublinear terms as well. Current activity fluctuations, on the other hand, can be adequately sampled by resorting to large enough systems, so that discrete-lattice effects are minimized. While, as emphasized earlier, these two quantities are distinct in character, both can yield physical insights into the properties of flow with exclusion.
The results of the numerical simulations, reported in Section III, provide unequivocal support to the predictions summarized in Eqs. (29) We focused on the large-L dependence of the cumulants C n , n = 1 − 3, as reflected in the associated quantities ∆ = C (8) and (9) of Ref. 15 ). This gives, for the low-current phases [ α < 1/2, β (low density) or β < 1/2, α (high density) ] and the coexistence line (α = β < 1/2) the results (17) ]. The short-dashed line is the coexistence line between high-and low-density phases. Because of particle-hole duality, S is the same for pairs of points symmetric with respect to the α = β line. It is remarkable that the asymptotic approximations for Z L are sufficiently accurate, when inserted in Eqs. (29)-(31), to give the correct asymptotics for the cumulants and skewness, given the high orders of cancellations in 1/L expansions often occurring. Direct calculation of activity cumulants using asymptotic PDFs given at the end of Section II B 3 are less accurate: for example, the Laplace approximation mentioned there gives, inside the low current phases, S ∝ L −3/2 , but does not give the crossover near the long-dashed (blue) lines of Fig. 8 .
Correspondence with select results for standard current studies is as follows. In Ref. 10 , current statistics were considered for open BC. At large L, for the PDF of total charge fluctuations, Q = Q(T ) − Q(T ) , accumulated up to time T they found critical scaling at α = β = 1/2 with T 1/2z P T ( Q) = f ( Q/T 1/2z ), z = 3/2;
elsewhere on the α + β = 1 line, scaling of the PDF was found to be Gaussian. Although their results are strictly not comparable to ours, their Figure 4 suggests that, e. g., for L = 256 critical scaling would only persist up to times T 3, 000. Whether or not some such signature would show up in the (fixed-time) statistics of current activity, for times other than those used in the present work, is an open question.
Secondly, in Ref. 12 it was found that, at the special point α = β = 1, C 3 approaches a small, finite (negative) value, as L → ∞. On the other hand, their C 2 ∝ L −1/2 . Thus, the standard skewness [20] would become very large for large L. Here, in contrast, the skewness of the current activity approaches zero as L → ∞ everywhere. Furthermore, it is positive at the above-mentioned special point. This implies that any relationship of current fluctuations to those of the activity would involve subtle features.
generalization for this case
We find
The generalization for inclusion of injection and ejection contributions in the third moment of the activity involves similar steps to those for the second moment, given in Eq. (27). We first write
Using (α ζ 1 ) m = α m ζ 1 , (α ζ 1 ) m (1 − ζ 1 ) ζ 2 = 0 (m ≥ 1) and similarly for β (1 − ζ L ), one finds
With T 3 = A ′ 3 from Eq. (B4),
Appendix C: A 3 for PBC Along similar lines to those followed in Appendix B, we consider the product:
(1−ζ n ) ζ n+1 , (C1) with ζ L+1 ≡ ζ 1 .
The cases involving site labels are the same set (a)-(f ) described in Appendix B; only the enumerations vary. Recalling Eq. (B2), one has now, adding up the nonzero contributions: 
(C5) So, recalling Eq. (50), A 3 = a 0 (1 + 3a 1 + a 1 a 2 ) .
